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ANALYSIS OF THE MACROSCOPIC EQUAT IOINS

FOR SECONMD SOUND IN SOLIDS*

W. C. Overton, Jr,.

Los Alamos Scientific Laboratory

Los Alaros, N.M. 87545
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The microscopic theories of second sound in s0lids can be ex-
pressed in macroscopic form (Guyer and Krumhansl, 1966; Ackerman and
Guyer, 1¢53) when the normal and resistive process pnonon relaxation
times T,..(9,T) and 7 (v,T) have been averaged appropriately over all
w's. Thus, for given temperature T, T (T) and T_(T) can be regard-
ed as fixed parameters. The macroscopic equations given in Ref, 2
for the hz2at current in 3-dimensions can be expressed in one dimen-
sion according to

° 2 .
3\ 279 1 20 1 3 q _ . . =imt \
(1 + o at) PR i R FQ(xo,n) 6(A—Ko) e , (1)
ex VT v ot
vhere v = ¢ //3 = gecond souni velocity, c, = mecn Debye velocity,

T = 9r./5, and we have here inserted an irmulse driving function
over tHe plane x = x . Eq. (1) rcpresents the experimantal situa-
tion in vhich the single crystal solid is excited by a heat pulse
epplied on one face 2% x = O, Doth the foce et x = O and the oppo-
site face at % = L servelas reflectors of the heat current Q. Sen-
sitive thermometers on the plane at x = L measure the second sound
paenomenon,

Our purpose is to show a method for solving (1) in closed form
and for calculatinz the temperature excursion ATéL,t) for ~ompari-
son with expeciment. Letting Q(x,t) = Y(x,w)exp(-iwt), we obtain

a°¥/dx® + k7Y = - N CID) §(x-x )/(1 - dwr ) (2)

W of + awfr )/ vA(L - dr ). (3)

*Work pecrformed under the auspices of the U.S.D.O.E.



In (1), (2) the driving force is confined to the planc x=x_ by the
delta function, but tnis is but a speclal case of the moreogencral
function F(Z,w); 0< E< L., For the more general cas=2 the particular
integral is

pid
vp = -[k(1 - iuﬂo)]d/; F(E,») sin k(x-E) dE , (%)

and the general solution is ¥ = A sin k¢ + B cos kx + VY _, Using

boundary conditions for totel reflection of the heat cuPrent at x =

0, » = L, we obtain B = 0 and, using (4), we can evaluate A, The
solution can be put in the final form,

v(x,n) = (k1 - 1wwo)]'lpjr§ d% F(F,n)sin k(L-%) sin kx¢/sin kL

+ fg a2 r{7,w) sin k(L-x) sin k%/sin kL] . (5)

The response to a forcing function of unit emplitude and frequaency
w/2n, concentrated at X is then obtuinc. frua (5) 23 the Green's
function V(x,m)/F(xo,m), in the form

sin k(L-x)(1- cos kxo)

y O0< x< xo )

2 . .
G(x,xo,m) - k(1 - 1'no) sin kL (%)

sin k%1 - cos ¥ L—xo)]

5 5 x0< x< 1,
kK (1 - 1uno) sin kL

A shorp heat pulse applicd at x = O can be represented by £(t).,=
(in/?)exn(-]t]a), the Fourier t2onafoem of which is 1{0,m)=(t2")/
(m2+ a“), Thus, we obtain

Qx,t) = (K/Q”)_/t: d G(x,xo,m) exp(~1ut) /(L + nl/a”) . (7)

This line integral can be evaluated for t 2 0 by suiming rosiduss of
the poles of the -1 half plane. Thic number is finite beecouse the
nunber of allowed values of k is finite, although large. 'Tho poles
at = ifr,, i/T_, and O have zero residuca.

For'the plane x = L, vhere thermometers of the expeciment are
lozated, the poles associnted with kL = ntt (n = *1, tz,...,NmaY)
are determined by solving the quadratice ’

KL - (L2/v2)(m2+ iw/rﬂ)/(l - imro) < non . (8)
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econd set talls on the - im asis at m = * 1% - ir /2 Tor all
N. In view of (8), and sinc2 n oceuls onlrlas n?Min (9), no
wo poles ever fall at the same point. Thus, it is only necessary
to sum residuz2s on the first Riemann sheet. In order to determine
N, let £ 7T be the solution of the quatratic obtained Irom (9)
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by setting ¢ = O, then N is in the range T-1 < ¥ -M+l. Using T
and T_for solid 3ke at T <1 %, we find N varies from % to about 2
and usually = 1. With x =0 in (7) we cun obtain the resi-
dues and determine Q(x,t). The derivative 33/2x then gives T/,

vhich, vhen evaluated abt 7 = L, can be expres:zad in the
N
— 3 A h‘ ":' 2 -l ~~— 2 ) . anT -\
CVAT(L,t) = KL {2 (n'm DV ) (1-,ounn)[-anosﬂnt_(Jncn/e)Ulhjntﬂ

- n=l 1 ) _r )
x € °nt/2+ Z)(nl*Dn mhy )(l-cosﬂn)[Wﬁcoshwnt+(WC/2)siLtht]e ’nt/ ]

+
M+l ’ (10)
D =1 - (nﬂVTO/L + L/amer )T . (11)
Instead of using T TR values obtained from theory, we select
chosen arbitracy paraneters to calculate the waveforms described

by (10). The computational procedure is to adjust values until ag-
reerent with thz experimental second sound we esh2pe is obtainecd.
The adjusted TN, TR are than used separately co calculate the ther-

mal conductivity which is then compared witn static ermperimental
data, Although thz agreement is nct quantitative, the result ob-
tained for solid 3ie at 0.4 K is 609 of the static value. Thus, tha
two approacnes are at leash agualitatively consistent.
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riz. 1l.e - poles for M< n< I
A~ forn >y A~ poles for
incosrect transmission line
analop of Rel, 2.

Fir, 2. (&) Calewlated wavaform

with 1 0.0 us, 1, h.h us, (b)
Onsueved for solid © 3He at 0.5 ¥;
f- fiest arrivaly g- first rellection; 10 us par division. Ref. 3.
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